Simultaneous Mass Transfer and Equilibrium
Chemical Reaction

Equations predicting the effect of various types of equilibrium chemical reactions on the
liquid-phase mass transfer coefficient have been derived. In each case the reacting species
were assumed to be present in equilibrium concentrations at all points along the diffusion
path. Equations were derived for both the film and surface-renewal theories of simple mass
transfer in conjunction with these equilibrium reactions.

The well-known Hatta equation for the rapid second-order irreversible reaction was shown
to be a limiting case of the general equilibrium reaction A +B == E.

The calculated mass transfer coefficients were found to be functions of the concentration
driving force ond the average concentration level over the diffusion path as well as of the
magnitude of the equilibrium constant and the diffusivities of the reacting species.

Ever since Hatta (5) modified the
film concept of mass transfer to include
simple simultaneous chemical reaction,
there has been considerable theoretical
work extending this analytical treat-
ment to more complex reaction types.
Each reaction is characterized by its
kinetic order, degree of reversibility,
and the relative rates of the diffusional
and chemical-conversion steps. Thus
Hatta’s early investigation of the ab-
sorption of carbon dioxide by caustic
solution pertained to a reaction the
kinetics of which was second order, ir-
reversible, and infinitely rapid com-
pared with the diffusional rates in-
volved. Subsequent studies have
considered the slow (diffusion and
chemical-conversion rates of compara-
ble magnitudes), first order, reversi-
ble (2) or irreversible (8) reaction;
the slow, irreversible reaction of n®
order in the transferring species (1);
and the slow, second-order, irreversible
reaction (10).

With the advent of the surface-re-
newal theories of Danckwerts and
Kishinevsky, the diffusional step was
no longer restricted to the oversimpli-
fied concept of the film theory, and a
flurry of papers combining the same
reaction types with these more realistic
mass transfer models appeared (6,2,
3).

However none of the previous
studies have systematically examined
the case of the infinitely rapid reversi-
ble reaction. It is the object of this
paper to add the equilibrium reaction
to the rogues’ gallery of chemical inter-
actions which can occur in conjunction
with the mass transfer process.

The maintenance of chemical equi-
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librium implies that throughout the
diffusion path the reacting species are
present in concentrations satisfying the
mass action law. Consequently only the
ratio of the forward and reverse chemi-
cal-rate constants appears as the equi-
librium constant in the over-all transfer
rate expression.

The reactions which will be con-
sidered are

A=E (1)
A=29E (2)
A+ B=E (3)
A+B=E+F (4)

Reactions (1) through (4) will be ap-
plied to the film theory and (1) through
(3) to Danckwerts’ surface-renewal
theory.

Species A is assumed to transfer be-
tween an inert phase, in which no
chemical reaction occurs, and a react-
ing liquid phase, in which any one of
reactions (1) through (4) takes place.
The inert phase can be a gas, another
liquid immiscible with the reacting
phase, or a solid. The restrictions on
this phase are that it contain only A
(and perhaps an inert diluent) and
that it generate a known equilibrium
concentration of A on the reacting-
phase side of the interface.

Since for all cases the system in-
cludes more than two species (react-
ants, products, and inert solvent), a
completely rigorous treatment of the
problem would require the use of
liquid multicomponent diffusion co-
efficients to characterize the transport
rates. However in the following deriva-
tions it will be assumed that the re-
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actants and products are sufficiently
dilute such that Fick’s Law is applica-
ble; that is, the diffusion coefficients
may be considered those of the binary
system consisting of the particular
species and the solvent.

Unlike the reactions previously
studied, the method of approach to the
equilibrium system is independent of
the particular reaction under considera-
tion; the differences in reaction type
are reflected only in the boundary con-
ditions and equilibrium restrictions.
The development of the pertinent dif-
ferential equations can be most easily
illustrated by considering a particular
reaction, for example the type exempli-
fied by Equation (3).

If this reaction were not infinitely
rapid, material balances for species A
and E over a slice of fluid of thickness
dx within the diffusion path would
yield

oA dA
D = kAB—FKE 4+ —— (b
4ot kA o (5)

*E oE
D, — _kAB + KE + - (6)

ox’ ot

If the mass-action constant for the re-
action is K, then

(7)

Equations (5) and (8) can be re-
written to yield

A A
D, P = k(AB — E/K) +T
(5a)
°E dE
Dy g = — k(AB — E/K) + ——
o’ at
(6a)

If the reaction-rate constant is in-
creased so that equilibrium conditions
are approached at all points along the
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diffusional path, the right-hand mem-
bers of Equations (5a) and (6a) be-
come indeterminate, since (AB—E/K)
approaches zero as k approaches in-
finity. This difficulty can be avoided by
the addition of the two equations,
which results in
A &E ]
Dige ¥ D =5 (A+E)

(8)

Equation (8) can be viewed as the
differential material balance of com-
ponent A in all forms over a slab of
thickness dx within the reacting phase.
The first term on the left represents
the contribution of unreacted A and
the second term that of combined A.
(In this case E represents the addition
product of A and B.) Hereafter rela-
tions of the type represented by Equa-
tion (8) will be called total-component
material balances; the total A compo-
nent in this case denotes the sum of the
concentrations of A+E. Equation (8)

is directly applicable to the unsteady’

state processes of the penetration
theory; in the film theory the time de-
rivative is zero, since only steady state
transfer is considered. In this example
there would be an additional partial-
differential equation representing the
total B component material balance:

2 2
B +D oE

D Roulll
s s

d.
=__(B+E
at( + E)

(9)

where the total B component = B + E.

Equations (8) and (9), in conjunc-
tion with the equilibrium restriction of
Equation (7) and the appropriate
boundary conditions, completely de-
termine the concentration profiles of
A, B, and E and the rate of transfer of
species A between the inert phase and
the reacting phase.

Following the total-component mate-
rial-balance approach, one can derive
the rate expressions for simultaneous
mass transfer and each of the four types
of equilibrium chemical reactions.

Mass transfer coefficients can be
based on either the total driving force,
(Ci—C.), or the driving force of un-
reacted solute (A, — A.):

]
C.—C,
J
A — AL

The most appropriate form depends
on the particular reaction system and
on the analytical techniques available.
For many systems only the total A com-
ponent can be determined, e.g., base
titration of a partially ionized acid, and
k., is the only experimentally measura-
ble coefficient possible. However for
the last two cases [reactions (3) and

k.=

kAE
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Fig. 1. Effect of interfacial concentration on the mass transfer coefficient for
diffusion and the simultaneous equilibrium reaction A = 2F as calculated from
Equations (27) and (28): 0 = K = oo, Cr, = 0, Dg/Ds = 1.51.

(4)1 k. is not a wuseful T:antity,
since C, is a function of both the mass
transfer and equilibrium characteristics
of the system.

If the unreacted solute (species A)
can be analytically differentiated from
the reaction product( species E), then
k. is experimentally measurable. A, is
determined (and presumably known)
by the physical distribution of A be-
tween the inert and reacting phases.

Case (1) Film-Theory Mass Transfer and
the Reaction A== E

The total A component material bal-
ance is

dA d&E
Di——+Dg——=0 (10
dx* + x (10)
The general solution of Equation (10)
is
DAA+DEE:a1x+a2_ an

With A and E subject to the equilib-

rium restriction

K= % for all x (12)

The boundary conditions are
atx =0, A=A (13a)
atx =2, A=A, (13b)

The transfer rate of species A from
the inert phase is equal to the fiux of
the total A component within the re-
acting-phase film:

dA dE
=—Dye——D
D. dx *dx

=—a
(14)

Substituting Equations (12), (13), and
(14) into Equation (11), one gets

J= (%‘)(A‘—Ab)( 1+%:K)

(15)
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Or, with k, defined as the flux divided
by the driving force (A— A.} and
k°, as the mass transfer coefficient in
the absence of chemical reaction (D./
x)

l;:K) (16)

If the concentrations at the film
boundaries - are specified in terms of
the total A component, C = A + E:

atx = 0, C=C, = (1 + K)A, (17a)
atx = XL, C = CL = (1 + K)AL (17b)
Then

1=(24) €—c

XL

14 (22_1) (18)
D.

where
K

14+K

Again defining the mass transfer co-
efficient as the flux divided by the total
A component driving force (Ci— C.),
one obtains

e f1s ()]
(20)

Equation (15) has been derived by
Peaceman (7) as a limiting case of the
slow, first-order, reversible reaction.
The concentration profiles are linear
throughout the film for all values of K
only for this case.

k4=k°4(1+

(19)

Case (2) Film-Theory Mass Transfer and
the Reaction A == 2E

In this case A represents the dimer
E.. A material balance on the total A
component, C = A + %E, gives

d’A &IE
'y =0 (21
Di— + %D e (e1)
June, 1960
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Fig. 2. Variation of the mass transfer coefficient with initial organic-
phase solute concentration for the extraction of acetic acid from carbon
tetrachloride into water (4).

the general solution of which is

DA + % D:E =ax +a. (22)
The equilibrium condition is
E2
K= ——r 2
Y (23)

and the boundary conditions are given
by Equation (13). The flux of A is

written as

dA dE
— %D,
dx % dx

J=—D, (24)

The relation between the mass transfer
coeflicients with and without chemical
reaction becomes®

Ds \/_i<72]

D: \Al+\/A,
(25)

If the boundary conditions are speci-
fied in terms of the total A component,
then

k4=k°A[ 1+

atx = 0, C=C,= A, + % VKA,
(26a)
atx = X, C=CL=AL+%VKAL
(26b)
and
D
e 14(Z0)
(27)
where

e For the general polymerization reaction,
A = nE, the relation between the mass transfer
coefficients with and without chemical reaction
can be determined by a simple extension of this

method:
Kifn Dn( Aiv — Apiin
ki=k*a |1+ \
n Da A¢ — AL
However an analytical expression for the mass
transfer coefficient based on the total component
C is not obtainable, since the solution of a

polynomial of order greater than 2 would be
required.
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g _ NETI61KC, — \/K/16+KC,
2(C¢‘_ CL)

(28)
A plot of k./k°4 as a function of C, is
shown in Figure 1 for C. = 0 and for
various values of K. The ratio Dz/D,
was estimated by the assumption that
the molecular volume of A is twice
that of E and by the use of the Wilke
correlation (11). Thus
Dy ( V.
D, Ve

Figure 1 indicates that there is a
maximum increase of 51% in k. as the
equilibrium constant increases from
zero (no dissociation) to infinity (com-
plete dissociation). Moreover k. de-
creases markedly with increasing con-
centration owing to. the increased
amount of undissociated A present at
higher concentrations. At C, =0 all
the diffusing material is present as the
dissociation products, for all nonzero
values of K.

Acetic acid is one of the few solutes
known to dimerize appreciably in non-
polar solvents. Farmer (4) has inves-
tigated the effect of initial solute con-
centration on the mass transfer coefi-
cient for the extraction of acetic acid
from single drops of carbon tetrachlo-
ride into a dispersed water phase.
These results, shown in Figure 2, show
the same general behavior as the pre-
dicted curves of Figure 1.

Since the solute was stripped from
the reacting phase (carbon tetrachlo-
ride) into an essentially solute-free in-
ert phase (water), Equations (27) and
(28), with C, = 0, are applicable. The
variation of the mass transfer coeffi-
cient with the acetic acid concentration
of the carbon tetrachloride phase
should be described by the curve of
Figure 1 with C, replaced by C. in the

) = (2)** = 1.51
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abscissa. However Farmer’s data are
not amenable to a direct analysis by
this theory, since the solute concentra-
tion decreased by 30 to 40% during
an experiment, and neither the dissoci-
ation constant nor the diffusivity ratio
is known. The rapid decrease in k.,
with concentration suggests an equi-
librium constant in the range of 0.01
to 0.1 for this system. Since the mass
transfer coefficient decreases by 70%
between C, = 0.011 and C, = 0.174,
the diffusivity ratio Dz/D, must be
larger than the value of 1.51 predicted
by Wilke’s correlation if these data
are to be explained on the basis of
simultaneous mass transfer and equi-
librium dissociation. Farmer also at-
tributed this behavior to partial dimer-
ization of the acetic acid in the organic
solvent.

The measured distribution coeffi-
cients (organic to aqueous) were less
than 0.05 for all experiments, and so
the observed mass transfer coefficients
were essentially equal to the organic
film coefficients. Thus the decrease in
k, cannot reasonably be attributed to
the effect of increasing distribution co-
efficient on the sum of the individual
resistances.

Although the curves of Figure 1
have been extended to a concentration
of 7 molar, other effects probably be-
come more important at high concen-
trations. Wilke (I2) has cited the
photogaphic studies of the carbon
tetrachloride—acetic acid—water system
reported by Sigwart and Nassenstein
(9) They eoffer strong evidence of
interfacial turbulence at concentrations
beyond about 0.2 molar, although the
water—carbon tetrachloride interface
appeared to be quite stable during
acetic acid transfer for the low-concen-
tration region to which Farmer’s inves-
tigation was restricted.

Equations (27) and (28) apply in
principle to the transfer of a partially
dissociated electrolyte, such as nitric
acid, through an aqueous film. Despite
their difference in sizes, the two ions
will exhibit the same effective diffus-
ivity, since by electrical neutrality the
two must diffuse at the same rate.
However the restriction that the solu-
tion be ideal is not true for aqueous
electrolytes, even at very low concen-
trations. Consequently the theory is not
applicable to this class of dissociating
systems.

Equations (20) and (27) indicate
that for cases (1) and (2) the mass
transfer coefficient is given by an ex-

kc =
L

pression of the general type:
7
c.—C
2)[ 1+ (3=-1) o]
—1
- 1+ B ]

(29)
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Only the § term depends upon the
particular reaction type under con-
sideration; the physical meaning of 4
can be described as follows. The mass
transfer rate of the total component is
based on the driving force (C.— C,).
However for case (2) the nature of
the equilibrium expression requires
that the relative amount of unreacted
solute {A) and reaction product (E)
be an increasing function of the total
concentration level (C) at any point
along the diffusion path. Species A,
because of its greater bulk, has lower
diffusivity than the dissociated mate-
rial. Hence the total flux, which is the
sum of the transfer rates of A and one
half that of E, depends upon the frac-
tion of the total component in each
form (which is in turn a function of
the total concentration C) and of the
diffusivity of each species. ¢ is a com-
plex averaging parameter which ac-
counts for the varying A to E ratio
throughout the film, and D, {1 + (Ds/
D,—1) 8} is an average diffusivity for
the transfer process.

Equation (29) shows that if D, =
D;, then there is no effect of an equi-
librium chemical reaction on the mass
transfer coefficient if the reaction is of
types (1) or (2). However it will be
shown for cases (3) and (4) that C,,
and hence the driving force, depends
on K. For these two cases equilibrium
reaction will affect the transfer rate,
even though D, = D,.

Case (3) Film Theory Mass Transfer and
the Reaction A + B=E

Species E denotes the addition prod-
uct of A and B. The total A component
material balance gives

d’A d’E

—4+Dy—=0 0
Do TP (30)
The total B component material bal-
ance gives

d’B
Dy '&7 + Dy

d&’E

=0
dx*

(31)
The general solutions to Equations
(30) and (81) are

DA+ DE=ax+a (32)
DsB + D:E=ax+a. (33)

The equilibrium restriction, which ap-
plies throughout the film, is

E
=B (34)
The four boundary conditions are
atx = 0, A=A, (35)
x=12x, A=A, (386)
B =B, (87)
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The final boundary condition reflects
the inability of B or E to penetrate
the interface:

dB dE

Dy —— -+ Dy
dx + dx

=0 (38)
With J given by Equation (14), Equa-
tions (82) and (33) can be solved for
the mass transfer coefficient to give

Dy ) B,

k=K, (1 ( e
=R 3, 4, 4 Da/Ds

(39)

Even though a solution utilizing total
component boundary conditions could
also be obtained, this would not repre-
sent a useful description of the process.
Although A, is determined from the
condition of physical equilibrium of
species A between the inert and react-
ing phases at the interface, the total A
component cannot be similarly speci-
fied. C; is not a unique function of A,
as it was for the two previous cases,
[Equations (17) and (26)], but is
given by

C.= A+ E.= A, (1 + KB) (40)

C. depends upon the concentration of
reactant B at the interface as well as
A,. Owing to the chemical reaction oc-
curring within the film, B, is in general
greater than B,, the actual value of
which is given by

D3s/Dy
/Dr | 4

B¢=BL -—
D
Dx/ B +A4

Thus

Cc=A‘ 1+K.BL

(42)

Since C. is not a quantity which can
be determined solely from equilibrium
conditions but depends on both the
mass transfer properties of the system
and the bulk concentrations, it is not
a useful boundary condition for this
case. However A, is fixed solely by the
distribution coefficient of species A be-
tween the inert and reacting phases
and is therefore an appropriate bound-
ary condition.

If K becomes large, the system ap-
proaches that of the rapid, irreversible,
second-order reaction, which has re-
ceived considerable attention in the
literature (5,8). As K approaches in-
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finity, the group (D»/Ds)/K in
Equation (39) approaches zero, and
tbhe mass transfer coefficient is given
Y

D;B, ) (48)
DAA;

which is the Hatta equation for this
reaction type.

The concentration profiles of the
three species can be determined from
Equations (32), (33), and (84) and
the known values of the constants a,
@, s, and a.. The variation of the con-
centration of A through the film is
given by

A=1% {[R—P(x)]" + 48P (x) }*

k4’=k°4(]-+

— %[R—P(x)] (44)
where
R=p+a(1+ ‘;) (45)
P(x) = A, [1 +;‘.‘%."+'_‘§ﬁ31]
— (A—A,) [1 +7—°‘;§-]
X

(=) (46)

DB,
a= D. (47)

D»/Ds
— (48)

The concentration profiles of B and E
are given by

B+ As
B =B, (T_*T) (49)
E = KAB (50)

The  behavior of the concentration
profiles as K ranges from 10~ to 10™ is
shown for a hypothetical system in
Figure 3. The appearance of the char-
acteristic reaction zone, at which A =
B = 0, becomes evident at large values
of K. As K approaches infinity, Equa-
tion (44) reduces to

A=A — (A + a) (—:—) (51)

which is identical to the result obtained
from the Hatta model.

Similarly, as K approaches zero, the
system reduces to the simple mass
transfer of species A and Equation
(44) becomes

A=A — (A—AL) (—"-) (52)
Xe
which is the film-theory expression for
mass transfer in the absence of chemi-
cal reaction.

Another interesting limiting case is
that in which K is large and A, is
small. This behavior is characteristic
of the extraction of metallic salts by
organic complexing or chelating agents.
The metal salts are quite insoluble in
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Fig. 3. Effect of
the equilibrium
constant on the
concentration pro-
files for simultan-
eous mass transfer
and the equilibri-
um chemical reac-
tion A +B = E:
Dz/Dy 0.5,
Ds/Dey = 10, B,
=30, As = 1.0.
Az is adjusted to
keep T = Er 4~
B. between 3 and
4, and A =
0.5Ac * kA/k'A is
determined  from
Equation (39).

the inert solvent of the organic phase
and are extractable only by virtue of
the complexes or chelates formed with
an active agent added to the diluent.
For example uranyl nitrate is practi-
cally insoluble in kerosene but is quite
extractable in a solvent composed of
kerosene and the complexing agent tri-
butyl phosphate. In these reactions K
is large but not infinite, since generally
all of the complexing agent is not con-
sumed at equilibrium. The reduction of
Equation (39) to Equation (43) does
not apply to this case, since both (D,/
Ds)/K and A, approach zero. How-
ever Equation (39) can be rewritten

as
-
[+

By the equilibrium restrictions

’;‘ ) (KA. — KA,)

DB Bz,
Dy KA: + Ds/Dsg

| s

(55)

L

If K is sufficiently large, 1/K
0, Equation (53) becomes

- () [&-

XL

B.
{ E. D,
L B

Deg
Upon elimination of B, by Equations
(41), (54), and (55), Equation (56)
reduces to

Furthermore since at all points along
the diffusion path A is small, C = E +
A=E, and

] = koz (Ct _CL)

E,
B,

(56)

Dy

XL

]=

) (E.—E.) (57)

(57a)

The change in the profiles of A, B, and
E for K = 10* as A, is decreased is
shown in Figure 4. ks/k°; has been
computed by the relationship

ks _ (Ds/Ds) ( A—A, )
k°s (Da/D.) E.—E,

ks

(%)

and presented along with the concen-
tration profiles. E, and E, are the cal-
culated values of E at the film bound-
aries, and k,/k°, is obtained from
Equation (39). At K= 10* and A, =
107, the concentration of E is nearly
linear across the film and ki/k°s =
1.00, as would be expected from Equa-
tion (57).

Thus for the case of large K and
small A, the system is equivalent to
the simple mass transfer of reaction
product E between the interface and
the bulk. However the limitations on
C. previously discussed apply to this
special case as well. It can be shown
that only if Dy = D5, is C; a function
of the equilibrium conditions at the
interface (KA.) and the total B com-
ponent concentration, T = B, 4 E, =
constant.

For the general case of Dy # Dy the
problem of determining either C, or A,
may be the major obstacle in analyzing
the mass transfer data. For the com-
plexing of uranyl nitrate by tri-butyl
phosphate, for example, no analytical
technique has been devised for dif-
ferentiating between the small amount
of uncomplexed material and the com-
plex in the organic phase; only their
sum is experimentally available. In ad-
dition, the organic phase equilibrium
constants are generally unknown, since
only over-all aqueous to organic equi-
librium constants (which include the
distribution constant of species A) are
measurable. Thus neither C; nor A, is
known, and the rate equations are inap-
plicable for lack of sufficient equilib-
rium information.

(58)

Fig. 4. Effect of decreasing A on the concentration profiles for simultaneous mass transfer
and equilibrium chemical reaction A 4 B = E: D3/Ds = 05, Ds/Dz = 1.0, B, = 3.0,
K = 10,000. A; is adjusted to keep T == E. - By between 3 and 4, and AL = 0.5A

+ ke/kz® is determined from Equation (58).
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Another variation of this case should
also be noted. If in addition to large K
and small A,, B, is also small, the 1/K
term in Equation (53) is not negligible
and the mass transfer coefficient is
again given by Equation (43).

Case (4) Film-Theory Mass Transfer and
the Reaction A + B2 E ++ F

In order to determine clearly the
requisite material balance reactions, it

D

o=l | (2o-1) vima + 2ax] +a]

(=
D

B

is convenient to rewrite this exchange
reaction in terms of the subspecies
which constitute the reactants and
products: ab + c¢d = ad + cb, where
A=gab, B=cd, E=ad, F = cd. The
material balances on each of the sub-
species, a,b,c, and d are
Subspecies a:

p.%4 L p,2E _, (59)
“dx Ty
Subspecies b:
d’A d’F
Dy——+Dy——=0 60
d«s* + dx* (60)
Subspecies c:
d’B d’F
Dy——+ Dy-—~—=0 61
dx’ + D d«’ (61)
Subspecies d:
d’B d’E
Dy——+Dy——=20 2
dx’ + dx? (62)
However only three of these equations
are independent; Equations (59),

(61), and (62) have arbitrarily been
chosen, although any other combination
would have been equally valid. The
general solutions of these three differ-
ential equations' are

DA+ DeE=ax+a, (63)
DsB + D:E = ax +a, (65)

By the restriction that B, E, and F
must remain in the reacting phase, a,
and g, are zero. Furthermore by Equa-
tion (14) a, = — J. The remaining
boundary conditions are

atx =0, A = A, (66)
atx = x;,, A=A, (67)
B=B, (68)

and, by the stoichiometry of the reac-

tion

E.=F, (69)
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with
K= LE

AB

The effect of the reaction on the mass
transfer coeflicient is then given by

(70)

— ko Ds ¢ ]
ki =k°4 [1+ D, A —A
(71)

where ¢ is

D, I

B, + VKA.B. ]

Dr ka2 KA] 72
—DT \/KALBL"‘"IT 4 ( )

In all four cases considered, except
the first, the mass transfer coeflicients
k, or ks are functions not only of the
various diffusivities and equilibrium
constants but of the concentrations at
the interface and in the bulk of the re-
acting phase. Generally, the larger the
driving force, the more pronounced is
the effect of the chemical reaction, but
even for small driving forces the mass
transfer coefficient will depend on the
concentration level. The effect of the
concentration level for zero driving
force can be obtained by calculating
the limiting values of k. and k. as
C. » C. and A, > A, respectively.

The equations are probably not
valid at high concentrations where the
effects of solution nonideality on the

172 D
DA) [(1+K e
7t

Dy
diffusion coefficients become more
pronounced. Moreover the reacting
phase must contain an inert solvent
which sufficiently dilutes the reacting
species so that Fick’s law is applicable
to each. Otherwise each diffusivity
must be estimated from untested and
complex equations for multicomponent
diffusion (I).

10 = (

DBs/Dg. 1f from available correlations
the mass transfer coefficient were
known to vary as some fractional
power of the diffusivity, then the ratio
(Ds/Dj3)" would be appropriate. These
devices are tantamount to replacing
Fick’s law for each species by rate ex-

dc )
dx /'
Case (1a) Surface Renewal Mass Transfer
and the Reaction A = E

pressions of the type J=k’x; (

The unsteady state material balance
of the total A component is
A *E 9

D =
ax“+”a

D
g x2 at

(A + E)
(73)

E and A are related by Equation (12),
and the appropriate boundary condi-

tions are

att=0, A=A, (74)
at x= o0, A=A, (75)
atx=0, A=A, (76)
Equation (73), subject to these

boundary conditions, can be solved for
the instantaneous absorption rate, de-
fined by

jo=—n, (22
)
to yield B
Ya+r | -4 (78)

In accordance with Danckwerts’ sur-
face renewal theory (3), the steady
state absorption rate is related to J(¢)
by

J=f1t)serdt  (79)
Combining Equations (78) and (79)

one obtains

J=VDs (A—A) \/(1+

Another limitation to these deriva-
tions is their complete dependence on
the somewhat antiquated concepts of
the film theory, namely the assumption
of a stagnant film in which molecular
diffusion is the sole transport process.
This assumption is implicit in the ap-
plication of Fick’s law to each species
and in the assumption that (D./x.) is
equal to the mass transfer coefficient
k®,. However since only diffusivity
ratios appear in the correction factors,
it might be more realistic to replace
them by ratios of the mass transfer co-
efficients of the particular species; e.g.,
k°s/k°s would be substituted for

A.L.Ch.E. Journal

K) (1 + K)

Dy
D,
with k°, = \/D.,s

(80)

ke = kn\/(1+ g‘: K) (1 + K)
(81)

If the boundary conditions are ex-
pressed in terms of the total A com-
ponents, then

. D, )
et (2 1) o

(82)

where

June, 1960



A comparison of Equations (20)
and (82) indicates that the film theory
predicts the effect of this type of equi-
librium reaction on the mass transfer
coefficient to be directly proportional
to {14 [(Ds/D.,)— 118}, while the
surface-renewal theory predicts only a
one-half power dependence of ks on
this group.

Case (2a) Surface Renewal Mass Transfer
and the Reaction A = 2E

The appropriate material-balance
equation is
FA o°E
D
Trw + %Ds P
0
=——(A+%E) (83)

E can be eliminated from the equilib-
rium relations of Equation (23) and
Equation (83) rewritten as
& VK Dsa
D [ A "]
*ox + 2 Dy VA
9

1 i
S LAt VAl 8
where boundary conditions are given

by Equations (74), (75), and (76).
With J(t) given by the relations

i
o =

— 1%Ds ( ™ )m

and the steady state transfer rate by
Equation (79), an approximate solu-
tion can be written as

] = \/@(A« - AL)
— VK Dg
VA + = .

(20) e et N )

(85)

and the reaction A + B=E have no
analytical solutions except for the spe-
cial case of D, = D; = D;. With this
simplification the flux can be described
by

J = VDus (A — A1)
1+ B ] (89)
A+ 1/K
or
B,
emr (142 )
o=k + A, + 1/K
(90)

Equation (90) is identical to the film-
theory expression for equal diffusivi-
ties, Equation (39). Similarly the sur-

face-renewal and film theories lead to

identical rate expressions (except for
the k°, term) for the equal-diffusivity
cases of reactions (1) and (2) as well.
This phenomenon appears to be true
for all surface-renewal expressions with
unsteady state material-balance equa-
tions that can be solved by a similarity
transformation, that is reduction of the
partial differential equation to an ordi-
nary differential equation by the sub-
stitution 5 = x/\/t.
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NOTATION
&, G, . . .G, = integration constants in
Equations (11), (22), (32),
(83), (63), (64, and (65)
a, b, ¢, d = subspecies in the exchange
reaction of case (4)
= constants defined by Equa-
tions (87) and (88)
A, B, E, F = molar concentrations of
the reacting species
C = molar concentration of total
A component, equal to A +

a, b

(886) Eor A + WE (reaction 2)
where @ and b are given by D = Fick’s law diffusivity
K D
‘\/T D, (As _AL)
= —~ (87)
— VK Dg a \*? a
Ac\2VA, + — e®/v | — erfc —
2 A b Vb
and
VA + VK/4 12v/A, D
b=1% \/'+\/_/ +a ———-——\/_‘ ‘+1)
oy VK Dg VK Dg
VA+ B, (88)
The bracketed term in Equation J = total solute mass transfer
(88) is a measure of 'the effect of the rate per unit interfacial area
equilibrium chemical reaction A==2E K = equilibrium constants for
on the surface-renewal mass transfer any of reactions (1) through
coefficient. (4)
Case (3a) Surface Renewal Mass Transfer = forward reaction-rate con-
and the Reaction A 4- B=E stant
The total component material bal- & = reverse reaction-rate constant
ances for surface renewal mass transfer k° = mass transfer coefficient in
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the absence of chemical re-
action
ki = mass transfer coefficient
based on the driving force
(Ai—Ap)
ke = mass transfer coefficient
based on the driving force
(Ci—Cy)
mass transfer coefficient
based on the driving force
(Ei — Ez)
defined by Equation (46)
defined by Equation (45)
hydrodynamic parameter in
Danckwerts’ surface-renewal
theory
time
molar concentration of total
B component in bulk of re-
acting phase, equal to E. 4+
L
molar volume
distance along diffusion path
away from interface
XL = film thickness

&
I

~
(I

)ﬂ@‘-
I

A2
x

([

Greek Letters
a = defined by Equation (47)

B = defined by Equation (48)
8, & = functions defined by Equa-
tions (19) or (28)

¢ = defined by Equation (72)

Subscripts

A, B, E, F = one of the transferring
species

i = interfacial value

L = bulk liquid-phase value

LITERATURE CITED

1. Bird, R. B.,, “Notes on Transport
Phenomena,” Wiley, New York
(1958).

2. Danckwerts, P. V., and A. M. Ken-
nedy, Trans. Inst. Chem. Eng. (Lon-
don), 32, S49 (1954). ,

, Ind. Eng. Chem., 43, 1460

(1951).

4, Farmer, W., Atomic Energy Comm.
Rept. ORNL 635 (1949).

5. Hatta, S., Tohoku Imp. Univ. Tech.
Repts., 8,1 (1928).

6. Kishinevsky, M., J. App.

(USSR), 24, 593 (1951).

7. Peaceman, D., Sc.D. thesis, Mass.
Inst. Technol., Cambridge (1951).

8. Sherwood, T. K., and R. L. Pigford,
“Absorption and Extraction,” Mec-
Graw-Hill, New York (1952).

9, Sigwart, K., and H. Nassenstein, Z.
Ver. deut. Ing., 98, 453 (1956).

10. Van Krevelen, D. W, and P. J.

Hoftijzer, Rec. Trav. Chim., 67, 132,

Chem.

564 (1948).

11. Wilke, C. R., and Pin Chang,
A.ICh.E. Journal 1, 264 (1955).

12. Wilke, C. R., Ind. Eng. Chem., 49,

577 (1957).

Manuscript received May 25, 1959; revision
;esceifsggAugust 17, 1959; paper accepted August

Page 239



